In every Hausdorff locally convex space for which there exists a strictly finer topology than its weak topology but with the same bounded sets (like for instance, all infinite dimensional Banach spaces, the space of distributions D ( ) or the space of analytic functions A( ) in an open set ⊂ R d , etc.) there is a set A such that 0 is in the weak closure of A but 0 is not in the weak closure of any bounded subset B of A. A consequence of this is that a Banach space X is finite dimensional if, and only if, the following property [P] holds: for each set A ⊂ X and each x in the weak closure of A there is a bounded set B ⊂ A such that x belongs to the weak closure of B. More generally, a complete locally convex space X satisfies property [P] if, and only if, either X is finite dimensional or linearly topologically isomorphic to R N . w Mathematics Subject Classification (2000): Primary 46B99, 46A03; Secondary 54F65.
1. Introduction. The following exercise (attributed to von Neumann) appears in page 83 of [17] : E x e r c i s e A. Let A ⊂ L 2 ([−π, π] ) be the set of all functions f m,n (t) = e imt + me int , where m, n are integers and 0 m < n. Show that 0 belongs to the weak closure of A but there is no sequence contained in A that weakly converges to 0.
When solving the exercise one realizes that this is so because the sequence (e n ) n ,
is an infinite orthonormal sequence in the Hilbert space L 2 ([−π, π]). Consequently, for every infinite dimensional separable Hilbert space H there is a set A ⊂ H such that 0 ∈ A Vol. 82, 2004 Bounded tightness for weak topologies 325 but there is no sequence contained in A that is w-convergent to 0, where w denotes the weak topology in H . It is a well known fact that Hilbert spaces are reflexive, and therefore bounded sets are w-relatively compact. Thus, in separable Hilbert spaces bounded sets are w-metrizable. With all these pieces of information together we can assert by now that every separable infinite dimensional Hilbert space H has property [Q] below:
Since infinite dimensional Hilbert spaces do contain infinite dimensional separable subspaces we can be sure that all infinite dimensional Hilbert spaces enjoy property [Q] .
If one tries to extend the previous construction to infinite dimensional Banach spaces X one might be misled, at first glance, by the previous exercise and then try to perform some tricks to get [Q], for instance, in some class of Banach spaces with nice bases. Such a construction in Banach spaces is a bit harder and can be performed using Dvoretzky's theorem as it was done in [6, Theorem 1]. In the particular case of reflexive infinite dimensional Banach spaces, the Josefson-Nissenzweig theorem gives an alternative way for the extension of the previous exercise, as observed in [13, p. 390] .
The aim of this note is to show that the construction in [Q] does not requieres complicated tools and it is ultimately a simple topological matter in infinite dimensional spaces, see Lemma 1. This construction is the tool to obtain the other two results that have been announced in the abstract, see Theorems 3.2 and 4.2. The paper is completed by showing that for spaces X in a large class G, X with its weak topology is a Fréchet-Urysohn space if, and only if, X is linearly topologically isomorphic to a subspace of R N , see We also refer the reader to [12] for related results: our results in this last part of the paper sharpen the scope of some results in the last section of [12].
Our notation and terminology are standard. We take the books by Engelking, Kelley, Diestel and Köthe, [10, 14, 8] and [15] , as our references for topology, Banach spaces and topological vector spaces. All our vector spaces X are real vector spaces -our results here are true for complex spaces too, as the reader will convince himself easily. All our topological spaces are Hausdorff topological spaces. If X is a Banach space, B X denotes its closed unit ball, and X * its (topological) dual space. For X locally convex space the (topological) dual is denoted, as usual, by X . For both Banach and locally convex spaces the weak topology is denoted by w and the weak * topology is denoted by w * .
